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This article examines an end invariant of finitely generated groups, more delicate than the 
number of ends-semistability at CO. A one-ended finitely presented group G, is semistable at ~0 if 
for some (equivalently any) finite CW-complex X, with n,(X) = G, all proper maps of [0, ~0) 
into the universal cover of X are properly homotopic. If G is semistable at CO, then IT? G: ZG) 
is free abelian. We extend the definition of semistability at ~0 to finitely generated groups. We 
prove a subgroup theorem that allows one to begin with ajnitelypresented group G, pass through 
a sequence of finitely generated subgroups, G, 3 G, 2. . .3 G,, of G and by showing that G, is 
semistable at co, (under our new definition) conclude that G is semistable at CO. Certain finitely 
presented groups previously unknown to be semistable at 00 are shown to be semistable at cc by 
this technique. 
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1. Introduction 
The end invariant, semistability at co, for finitely presented groups has been 
studied in [3,4, 2, 5, 61. An interesting application for this invariant is found in [2]. 
Proposition 1. If thejinitely presented group, G, is semistable at ~0, then H2( G; ZG) 
is free abelian. 
In this paper we extend the definition of semistability at cc to finitely generated 
groups, in such a way that the main results on finitely presented groups in several 
of the above mentioned papers are valid for finitely generated groups. More impor- 
tantly, our definition of semistability at cc for finitely generated groups enables us 
to prove new semistability at cc theorems for finitely presented groups. The following 
is a generalization of Theorem 3.2 of [4], and is a useful tool in proving our main 
results. 
* Supported in part by N.S.F. Grant MCS-824 3691. 
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Theorem 3. Assume G is finitely generated with finitely generated subgroups A, and 
AZ such that A, u A2 generates G, and A, n A2 contains an infinite finitely generated 
subgroup. If A1 and A, are either l-ended and semistable at 00, or 2-ended, then G 
is either 2-ended or l-ended and semistable at co. 
In our main result, Theorem 5, we begin with a finitely generated group, G,,, and 
construct a collection of finitely generated subgroups, GO 1 G, 1. * * 1 G,. We show 
that if Gi is 2-ended or l-ended and semistable at cc then Gj, for j < i, is 2-ended 
or l-ended and semistable at co. Theorem 3 is applied to show that G,,, and hence 
GO, is 2-ended or l-ended and semistable at CO. We point out that if GO is finitely 
presented, there is no way to conclude that the Gi, for i > 0, are also finitely presented. 
This puts us in the position of beginning with a finitely presented group, and by 
passing through a collection of finitely generated groups we conclude that the finitely 
presented group is 2-ended or l-ended and semistable at 00. 
A locally finite, connected, l-ended CW complex, X, is semistable at w if all 
proper maps r : [0,03) + X are properly homotopic. 
If G is l-ended and finitely presented, then G is semistable at co if for some 
(equivalently any) finite complex, X, with r,(X) = G, the universal cover of X is 
semistable at co. If G is. l-ended and finitely generated with generators g, , . . . , g,, 
let r be the (l-ended) Cayley graph of G with respect to these generators. If 
{ri,..., r,} is a finite set of relations of G (in the letters g:‘, . . . , gz’) let 
Uri,. . . , r,,,) be the 2-complex obtained by attaching to every vertex of r 2-cells 
according to each ri. If for some collection, {r,, . . . , r,,,} of relations of G, 
r(r,, . . . , r,,,) is semistable at 00, then we say G is semistable at ~0 with respect to 
{g1,...,gJ. 
In Section 2 we show: 
Theorem 1. Assume G is a finitely generated l-ended group. If {gl, . . . , g,,} and 
{hi,..., h,} are generating sets for G, and G is semistable at ~0 with respect to 
{g,,..., g”} then G is semistable at 00 with respect to {h,, . . . , h,}. 
Hence, if G is semistable at co with respect to some generating set, we simply 
say G is semistable at ~0. 
Let G(rl,..., r,,,) be the group with presentation (g,, . . . , g, 1 r,, . . . , r,,,). Then 
there is a canonical epimorphism G( r, , . . . , r,,,) J G. If Y is the finite 2-complex 
defined by this presentation of G(r,, . . . , r,,,) then T(r,, . . . , r,,,) is the regular 
covering space of Y corresponding to ker( r) 4 G( rl , . . . , r,,,) = rl( Y), and G is its 
group of covering transformations. 
By the use of Lemma 2 (see Section 2) one can alter the proofs of Theorem 3.2 
of [3], Theorem 1 of [5], and Theorem 1 of [6] so that each of these theorems is 
valid if all finitely presented hypotheses are replaced by finitely generated. We state 
the improved version of Theorem 1 of [5]. 
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Proposition 2. If 1 + H + G + K + 1 is a short exact sequence of infinite groups, G is 
finitely generated, and H contains a finitely generated, infinite, normal subgroup, then 
G is l-ended and semistable at 00. 
Recall Proposition 1: If G is finitely presented and semistable at ~0 then 
H2( G: ZG) is free abelian. A corresponding result when G is finitely generated is 
unclear. Furthermore, a finitely generated version of the main theorem in [4] on 
ascending HNN extensions, cannot be obtained from the proof in [4]. The main 
results of this paper are the following theorems. 
Theorem 4. Let G be a group with generating set {x, h, , . . . , h,} such that the subgroup 
of G generated by {h, , . . . , h,} is infinite. If the subgroup, H, of G generated by 
{h,, . . . , h,, x-'h,x, . . . , x-‘h,x} is 2-ended, or 1 -ended and semistable at 00, then G 
is either 2-ended or l-ended and semistable at co. 
Theorem 5. If G is an infinite, solvable, finitely generated group, ofjinite rank, then 
G is l-ended and semistable at CO or 2-ended. 
As an easy corollary to Proposition 2 we have the following. 
Proposition 6. If G is an infinite, finitely generated solvable group, with commutator 
series G = G’O’D G”‘D. . . D G’“’ = 1, and no G(‘) locally finite and infinite, then G 
is either 2-ended or l-ended and semistable at co. 
Finally we conjecture that the l-ended 2-generator group G = (t, x1, x2, . . . : XT = 1, 
t-‘x,t = xi+,, xixjx;‘x,-’ = 1 for all i, j) is not semistable at 00. 
There is a short exact sequence 1 + N + G + 2 + 1 where iV is an infinite 2-group. 
If H is finitely presented, then H cannot contain a locally finite, infinite, normal 
subgroup, M, such that H/M = 2 by [ 11. Hence a finitely presented analogue for 
G does not exist. 
2. Preliminaries 
Several definitions and pieces of notation must be given. If r, s : ([O, CO), (0)) + 
(X, {v}) are proper maps then r is properly homotopic to s rel.{ v} if there is a proper 
map F: [0, 03) x [0, 00) + X such that FI[O, 00) x (0) = r and F](O) x [0, 00) = s. 
If X is a locally finite, connected CW complex then a a proper edge path to 00 in 
X is a proper map r : [0, 00) + X such that for each natural number, n, rl[ n, n + l] 
is an edge of X. We represent r by (e, , e,, . . .) where ei is the ith edge of r. If r is 
the graph of a finitely generated group, G, with respect to the generators g, , . . . , g, 
of G, then any proper edge path to ~0, r, can be represented as (h, , hz, . . .) where 
hi E {g:‘, . . . , g:‘} as long as the initial vertex of r is given. As observed in Section 
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l,if ri,..., r,,, are relations of G in the letters g:‘, . . . , gz’, then G acts as a group 
of covering transformations on r( r, , . . . , r,,,). If x E G, and u E r( r, , . . . , r,,,) then 
u . x is the image of u under the covering transformation x. Finally, if (a,, a,, . . .) 
is an edge path to cc in r, and e is an edge of r such that e(1) = al(O), then 
e * (a,, a,, . . .)=(e, a,, u2,. . .). 
Proof of Theorem 1. Let Ai be the Cayley graph of G with respect to {gi, . . . , g,}. 
Assume that r,, . . . , rp are relations of G (in the letters g:‘, . . . , gi’) such that 
attaching 2-cells to A, according to the ri makes the resulting l-ended 2-complex, 
call it A, semistable at co. Let * be the identity vertex of A. Let r, be the graph of 
G with respect to {h, , . . . , h,}. Also let * be the identity vertex of ri. For each 
i E (1,. . . ) n} select a word wi in the letters hf’, . . . , hi’, such that in G, wi = gi. For 
iE{l,... , p} let si be the word in the letters h:‘, . . . , II: obtained from r, by 
replacing each g, (respectively gi’) in r, by w, (respectively ~7~). For each ie 
(1,. . ., m}, let xi be a word in the letters g:‘, . . . , g:‘, such that in G, xi = hi. Let 
ti be the word in the letters h:‘, . . . , hg’ obtained from the word x$;’ by replacing 
each gi (respectively g;‘) by wi (respectively w;‘). Attach 2-cells to r, according 
to the relations sl,. . . , sp, tl, . . . , t,. Call the resulting 2-complex K We show r is 
semistable at 00. There is an obvious proper map M : (A, *) + (r, *) such that: 
(i) if e is an edge of A corresponding to the generator gi, then M(e) is an edge 
path corresponding to the word Wi, and 
(ii) if C is a 2-cell of A corresponding to the relation r,, then M(C) is a 2-cell 
of r corresponding to si. 
Note that M(A) misses all open 2-cells arising from the relations t,, . . . , t,. It 
suffices to show that if A and B are proper edge paths to co at * in r, then A and 
B are properly homotopic in r. Let A’ be the proper edge path to CO at *E A, 
obtained by replacing each edge of A corresponding to hi (respectively h;‘) by the 
edge path corresponding to xi (respectively x;‘). Similarly construct B’ at *E A. 
Now, M(A’) (respectively M( B’)) is properly homotopic to A (respectively B). (This 
homotopy meets only 2-cells corresponding to the relations t,, . . . , t,.) Since A is 
semistable at co, there is a proper homotopy, H, in A of A’ to B’. Thus M 0 H is a 
proper homotopy of M(A’) to M( B’). Combining M 0 H with the proper homotopies 
of M(A’) to A and M( B’) to B, gives the desired proper homotopy. 0 
Remark. If X is a l-ended space that is semistable at ~0, then Lemma 9 of [5] 
gives: If C is compact in X, there exists a compact set DC X such that if 
r, s: ([0, a), (0)) + (X - 0, {v}) are proper, then r and s are properly homotopic 
rel.{ u} in X - C. 
Lemma 2. Assume G isjinitely generated, 1 -ended and semistable ut 00. Let r, , . . . , r,,, 
be relations of G, written us words in the letters g:‘, . . _ , gz’, where g, , . . . , g, generate 
G, such that T(r,, . . . , r,,,) is semistable at 00. Then there are relations CY, , _ . . , ak of 
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G such that if r and s are proper maps [0, a) + T(r,, . . . , r,,,, a,, . . . , CQ), and 
r(0) = s(O), then r is properly homotopic to s rel.{r(O)}. 
Proof. Define r = r( rI , . . . , r,,,). There is a compact subcomplex, 0, of r such that 
if r and s: [0, CO)+ r- 0, then r and s are properly homotopic rel.{r(O)} (above 
remark). Assume that r - D is connected. For each pair of vertices (u, w) with 
{v, w} = St(D) - D choose an edge path p (u, w) in r - D from u to w. Let E equal 
D union the image of all /3( V, w)({ U, w} c St(D) - D). E is a finite complex. Hence 
r,(E) is finitely generated. Let &, , . . . , (Yk be edge loops at *E E that represent 
generators of r,(E, *). (Yi can be represented as (e,, e2,. . . , e,(,)) at *, where 
ej E {g;‘, . . . , 8:‘). Let (Yi be the relation e1e2 . . . e,,(i) of G. We show {(Y, , . . . , a,} 
is the desired collection of relations. If v is a vertex of r( r, , . . _ , r,, aI, _ . . , crk) - 0, 
then any edge path to a at v is properly homotopic rel.{u} to one in 
r(r,, . . . , r,, 6.. . , crk)- D. Hence any two proper edge paths to CO at 21 are 
properly homotopic rel.{ v}. By covering transformations, this property is indepen- 
dent of the choice of u. 0 
Proof of Theorem 3. 
Case 1. If A and B are a-ended and An B is infinite, then A n B must be a 
2-ended group. Choose x, an element of infinite order in An B. There is an integer 
N # 0 such that the infinite cyclic subgroup generated by xN is normal in both A 
and B, and hence normal in G. Thus G is either 2-ended or by Proposition 10 [5], 
l-ended and semistable at ~0. 
Case 2. If A is l-ended and B is 2-ended, and An B is infinite, then An B 
contains an element, x, such that x generates a normal, infinite cyclic subgroup of 
B. Choose generators a,, . . . , a,, of A and bl, . . . , b, of B. Let r be the graph of 
A with respect to {x, a,, . . . , a,}, and assume that T(r,, . . . , rP) is semistable at 00, 
and has the property defined in Lemma 2. B is finitely presented so let 
(x, bl, . . . , b,: sl,. . . , sq) be a presentation of B. Let A be the graph of G with 
respect to {a,, . . . , a,, x, b,, . . . , b,}. We show that A( rl, . . . , rP, s, , . . . , sq) is semi- 
stable at 00. A( r,, . . . , rP, sl, . . . , sq) contains disjoint copies of r( ri, . . . , rp), one 
for each element of G/A. Let C, , C,, . . . be a collection of compact subsets of 
A(r,,. . . , rp, sl,. . . , sq) such that Ci lies in the interior of Ci+i, IJZ, Ci = 
A(ri,.. . , rp, sly.. . , sq). Ci meets only finitely many copies of r( r, , . . . , rP). Choose 
Di compact containing Ci such that if E is a copy of T(r,, . . . , rp) in 
A(rr,. . . , rp, sl,. . . , sq) which intersects C,, and if r and s are proper maps from 
{CO, a), (0)) to (E-D,, {II}), then r and s are properly homotopic, rel.{u} in E - Ci. 
Furthermore, assume that if w is a vertex of A - Di, then at least one of the two 
edge path to cg, (x, x, . . .) at w or (x-l, x-‘, . . .) at w misses C,. Let (e,, e2,. . .) at 
*beanedgepathtoooinA(r, ,..., r,,s, ,..., sg). It suffices to show that (e,, e2, _ . .) 
at * is properly homotopic to (x, x, . . .) at *. Let the end point of ei be *i. By Lemma 
3.1.3 [3] there is an integer L such that if u is a vertex of A(r,, . . . , rP, sl,. . . , sq) 
and r is a proper edge path to ~0 at LJ in the letters x*‘, b;‘, . . . , b”,’ then r is 
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properly homotopic rel.{v} to (x, x, . . .) at v or (x-l, x-l,. . .) at z, by a proper 
homotopy with image in StL( Image (r)). Choose an increasing sequence of integers 
j(i),j(2), . . . such that for all i>j(k) either (x,x,. . .) at *i or (x-l, x-l,. . .) at *i 
misses St”( Dk). Let *,, = *. At each vertex *i for i Gj( l), let (Y~ be (x, x, . . .) at *i. If 
i> j(l), let k be the largest integer such that j(k), is less than i. If (x, x, . . .) at *i 
misses St”(&), then let ai be (x, X, . . .) at *i. Otherwise, let LY~ be (x-‘, x-‘, . . .) at 
*i. If iE{1,2 ,..., j(l)} and ~~E{x*‘,u” ,..., a:‘}, then ai- at *i-l and ei * ai at 
*i-l are in the same copy of r( r1 , . . . , rp) and hence properly homotopic rel.{*i_l}. 
If ei E {b:‘, . . . , b:} then by Lemma 3.1.3 [3], ef’ * ai- at *i is properly homotopic 
rel.{*i] to either (x, X, . . .) at *i or (x-l, X-‘, . . . ) at *i (one of these two edge paths 
~(m IS ai). Since (x, X, . . .) at *i and (x-l, x-l,. . .) at *i lie in the same copy of 
rl,. . . , r,), they are properly homotopic rel.{*i}. Hence cui_i and ei * (Y~ are 
properly homotopic rel.{*i_i}. If i > j( l), let k be the largest integer such that j( k) < i. 
If ei+, E {x*l, u:+‘, . . . , ai}, then ai and ei+i * ai+i miss Dk and lie in the same copy 
of T(r,,.. . , rp), thus ei+l * ai+l and (Y~ are properly homotopic rel.{*,} by a 
homotopy missing Ck. If et+1 E {b:‘, . . . , bz}, then e;:-:, * ai is properly homotopic 
rel.{*i+l} (by Lemma 3.1.3 [3]) to p, which is either (x, x, . . .) at *i+l or (x-l, x-‘, . . .) 
at *i+l, by a homotopy in St”(Im(e;:, * cyi)), and hence by a homotopy missing Dk. 
If P = ai+l 3 our homotopy misses Dk and hence C,. If p = (Y~+~, then both (x, x, . . .) 
at *it1 and (x-l, x-l,. . .) at *i+, , miss Dk and lie in the same copy of T(r,, . . . , rp). 
In this case (x,x, . . .) at *i+l and (x-l, x-l,. . .) at *;+I are properly homotopic 
rel.{*i+i} by a homotopy missing C,. Thus we have: 
If i> j(1) and k is the largest integer such that j(k) is smaller than i then Lyi and 
ei * ai+i are properly homotopic rel.{*i} by a homotopy missing Ck. 
Patching all such homotopies together gives a proper homotopy of (x, x, . . .) at 
* to (e,, e,, . . .) at *. 
Case 3. Assume A and B are l-ended, and H c An B is infinite and finitely 
generated. Let hi, . . . , hk be generators for H, a,, . . . , a, generators for A and 
b l,..., b, generators for B. Let r, be the graph of A with respect to h,, . . . , hk, 
u,,...,a,, and assume that r,( rI , . . . , rp) is semistable at cc and has the property 
defined in Lemma 2. Let r, be the graph of B with respect to h,, . . . , hk, b,, . . . , b,, 
and assume that T,(s,, . . . , sq) is semistable at 00 and has the property defined in 
Lemma 2. Let A be the graph of G with respect to a,, . . . , a,,, h,, . . . , hk, b,, . . . , b,. 
We show that A(r,,.. ., rp,s ,,..., sq) is semistable at ~0. Choose compact sets C, 
in A(r,,. . ., r,,s, ,..., sq) as in Case 2. Choose Di compact containing C, such 
that if E is a copy of T,(r ,,..., rp) or T,(s ,,..., sq) in A(r, ,..., r,,s, ,..., sq) 
which intersects Ci, and if r and s are proper maps from ([0, co), (0)) into (E - 
D,, {u}) then r and s are properly homotopic, rel.{u}, in E - Ci. Let T be the graph 
of H with respect to {h, , . . . , h,}. Without loss we may assume that if T1 is a copy 
of T in A and w is a vertex of T - Di, then w lies in an unbounded component of 
T-C,. Let (e,, e2,. . .), at * be an edge path to cc in A. Let *i be the end point of 
ei. Let *0 = *. For each i E (0, 1,2,. . .}, let ai be an edge path to ~0 at *i in the letters 
h ** 1 ,..., hi’ and assume that if *i is not in Dj, then Lyi misses C’. By the definition 
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of Dj if *i and *<+I are not in Dj, then LY( and e,+r * ai+i are properly homotopic 
rel.{*,} by a homotopy missing C,. Combining, the above proper homotopies defines 
a proper homotopy of LYE to (e, , e,, . . .), and thus every edge path to co at * is 
properly homotopic to czO. Cl 
3. The main theorems 
Proof of Theorem 4. 
Case 1. H is l-ended and semistable at a. 
Proof: Let r, be the graph of G with respect to the generators X, 
h I,..., h,, vl, . . . , vn, where yi = x-‘h,x for all i. If {(Y, . . . , a,} is a finite set of 
relations making H semistable at CO (with respect to hI,. . . , h,, vl,. . . , v,), then 
let r = T(‘Y,, . . _ , cr,, x-lhIxv;l,. . . , x-‘h,xv,‘). By the construction of r (and 
since H is semistable at 00) there is a collection of compact sets Ci, i E { 1,2, . . .} 
such that: 
(1) St( Ci) is a subset of the interior of Ci+l, 
(2) lJ2, C, = r, and 
(3) If r and s are edge paths to 00 in the letters {h;‘, . . . , h:‘, v:‘, . . . , vz’} such 
that r(0) = s(O) = v, and r and s lie in r- C,, then r and s are properly 
homotopic rel.{v} in r - C,_, (see Remark in Section 2). 
Choose * a vertex in K Let r be an edge path to 00 at *, such that each edge of 
r is in {hf,. . . , hc’}. Let a = (a,, u2,. . .) at * be an edge path to 00 such that 
a,E{h;‘, . . . , h:‘, x*l, v:‘, . . . , v:‘}. It suffices to show that r is properly homotopic 
to a rel.{*}. For each j> 0 let rj be an edge path to co at u,(l), in the letters 
h:‘, . . . , h,“, such that if uj( 1) E C, - C,_, then rj has image in r- Ci_l (see Fig. 1). 
Fig. 1. 
To construct a proper homotopy rel.{*} between r and a, we construct a sequence 
of proper homotopies. If Ui(O) and U,(l) lie in r-C, then we construct a proper 
homotopy rel.{u,(O)} in r- Cj-l, between ui * r, and ripI (or, equivalently between 
ai’ * r,_, and ri rel.{ui(l)}). If UiE{h~‘, . . . , h:‘, vf’, . . . , v:‘}, then condition (3) 
in the definition of the C, insures the desired homotopy. If ai =x-l, then a, * ri is 
properly homotopic to, Si, an edge path to cc at u,(O) in the letters {v:‘, . . . , v:‘} 
by a proper homotopy with image in St(im(ui * rr)) c r - C,_, (recall U,(O), u,(l) E 
r-C,). ri_l and Si are properly homotopic rel.{ri_,(O)} by a proper homotopy in 
r - CiP2 (see (3) of the definition of Ci). If ui = x then as above a;’ * ri-1 is properly 
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homotopic to Sip an edge path to cc at a,(l) in the letters u:‘, . . . , vz’, by a homotopy 
in r-Cj_,. si is properly homotopic to ri by a proper homotopy rel.{q(O)} in 
r-cj-z. 
Case 2. H is 2-ended, and x has finite order. 
ProoJ: Let K be the subgroup of H generated by {h,, . . . , h,}. K is an infinite 
subset of a 2-ended group and hence is 2-ended. Without loss assume h, generates 
a normal infinite cyclic subgroup of K. H 2-ended implies there are nonzero integers 
s and t such that hi = x-‘hix. Thus x-‘h~‘x = hi’, x_‘hi2x2 = x-‘hi’x = ht’. Continu- 
ing we have xekhikxk = hfk for all k> 0. If x is of order k, then hik = hi*. Since h, 
is of infinite order, sk = tk and s = ft. Thus if x is of finite order in G, then hf 
generates a normal infinite cyclic subgroup of G. G is either 2-ended or (by 
Proposition 10 of [S]) l-ended and semistable at ~0. 
Case 3. H is 2-ended and G/N(H) = Z. (N(H) is the normal closure of H in G.) 
ProoJ: We use an alternate definition of semistable at ce (see [3]): Given any 
compact set C c r and edge path to m, r, in r .there is a compact set D(C) c r 
such that for any third compact set E c r and loop (Y based at r, with im( a) = r - 0, 
(Y is homotopic, rel.r, to a loop in r - E by a homotopy in r - C. 
Assume that h, generates a normal, infinite cyclic subgroup, of finite index in H 
and that xP’hix = hi. 
Notel. xP#hfforp#O,since G/N(H)=Z. 
Let W-(-qoo). Consider the map A:(Rx[O, l],{(O,O)})+(r,{*}) defined by 
Fig. 2. 
Note 2. Im(A) c St’+‘(A(lR x (0))). 
Patching together translates of A as in Fig. 3, we obtain a map B : (R x R, (0,O)) + 
(r, 9. 
If any two points of R x R are mapped by A to the same vertex we would have 
xp = hy for some p Z 0. By note 1 this is impossible. Hence B is proper. Let 
r= (x, x, . . .), f= (x-l, x-l,. . .), s = (h,, h,, . . .) and S= (h;‘, h;‘, . . .). 
Lemma 5. Given a compact set, C, there is an integer K such that ifs at y and S at 
y have images in r - StK (C), then s at y and s at y are properly homotopic, rel.{y}, 
in r-c. 
Fig. 2. 
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Proof. For each vertex 2, E r define B, to be the proper map of R x R + r obtained 
by composing B and the translate of r that takes * to 2). Let 7r : r + r/N(H) be 
the quotient map. Since z-(C) is compact, there is an integer Q > 0 such that for 
all q 2 Q and all vertices v E r, at most one of the points r(v), r( u * x”) lie in v(C). 
If K = (Q + l)( t + 1) (see Note 2), then BY restricted to [-Q, Q] x R misses C. By 
the definition of Q, only one of the sets rB,,,((-CO, 0] x W), nTTB,,([O, 00) x IF!) can meet 
7r( C). Hence either BY restricted to (-00,0] x [w or BY restricted to ([0, ~0) x R) misses 
C and defines the desired proper homotopy. Cl 
The rest of the argument is standard and we outline it. Let D be a compact set 
containing StK (C) so that if u E r - 0, either s or S at v misses StK+*( C). Let s at 
* be our base ray, b. Assume (Y is an edge loop based on b. At each vertex u of (Y, 
let a, be the edge path to CO, s at U, if s at o misses St”‘*(C), otherwise let a, be 
S at u. Now a, misses S?+*(C) f or each vertex, u, of (Y. Since our base ray is s at 
* we may assume without loss that a,(,) is s at a(O). Since H is 2-ended, if 
eE{h:‘,..., h:‘} then e/tie-’ = h:‘. Hence if e is an edge of (Y, a,(,) is properly 
homotopic to (e, hi, hi,. . .) or (e, h;‘, h,‘, . . .) rel.{e(O)} by a homotopy in 
St’(im(u,,,,)). If necessary, we apply Lemma 5 to show that a,(,), is properly 
homotopic to e * Q .(,,rel.{e(O)} by a proper homotopy in r-C. Patch these 
homotopies together to complete the argument. 0 
Case 4. H is 2-ended, x has infinite order, and G/N(H) is finite. 
ProoJ: For any integer i, the subgroup of G generated by {x’h,x-‘, . . . , xih,x-‘, 
h xei-’ IS isomorphic to H and hence is 2-ended. Also the ~~~g~o~~-~e,,:h,‘, (x ;; . 
i -i 
1 .., x’h,x-‘} is infinite. Thus by Theorem 3 and 
induction we find that for K >‘d, the subgroup, Gk, of G generated by {x’h,x-’ 
where j~{1,2,..., n} and iE{-K,-K-tl,..., K}} is 2-ended or l-ended and 
semistable at 00. Since G/N(H) is finite, there is an integer, k, such that xk E N(H). 
N(H) is generated by {xihjx-i where i is an integer and j E {1,2, . . . , n}}. Hence 
xk E GK for some K > 0. GK and the infinite cyclic group generated by x, both 
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contain the infinite cyclic group generated by xk and by Theorem 3, G is 2-ended 
or l-ended and semistable at M. 0 
4. Solvable groups 
If G is a solvable group then Go) is the commutator subgroup of G and 
G(‘) = (G(‘-I))(‘) for i 3 2. The collection G = G’O’D G”‘D. . . D Gck) = 1 is the com- 
mutator series of G. G has finite rank if there is an integer K such that any finitely 
generated subgroup of G has K or fewer generators. 
Proof of Theorem 5. If no G”) in the commutator series of G is locally finite and 
infinite then G is 2-ended, or l-ended and semistable at cc by Proposition 6. Assume 
G’“’ is locally finite and infinite and G(‘) is not locally finite for all i < n. 
Lemma 7. If t E G and t’g G’“‘for all i # 0 then the subgroup of G generated by {t, a} 
for any a E G’“‘, is 2-ended. 
Proof. Let ai = t’at-‘. {ao, a,, . . .} c G’“‘. Let A be the subgroup of G’“’ generated 
by {a,, aI,. . .}. Assume for the moment, that A is finitely generated. (We prove this 
below.) G’“’ is locally finite and hence A is finite. Therefore, tAt-’ = A, and A is 
a finite normal subgroup of the group generated by {t, a}. Hence this group is 
‘L-ended. It remains to show that A is finitely generated. Say the rank of G is k. Let 
4 : G(n)+, G(“)/G(“+l) b e t h e quotient map. Let Gi be the subgroup of G(“)/G(“+‘) 
generated by q({a,, a,, . . . , ai_,>). Choose r such that a’= 1, then g’ = 1 for each 
g E G,. G, has k generators, and hence ]Gi] G rk, for all i. Thus there are two elements 
in the set {a,, a,, . . . , a,k} with the same image under q. Assume q( ai) = q( aj) for 
some j > i. Then aia,T1 E G(“+‘) and a,a,yIi = t-‘aiayl t’ E G(“+‘). If b, =j - i, let B, = 
{ a,a;,‘, azb,a& ad6,a$,, . . .} c G (‘+‘) All elements of B, are conjugate and hence . 
have the same order. As above two elements of Br are mapped to the same element 
in G (n+l)/G(n+2). Hence we obtain (as above) (aoa,,‘)(aq,,aTd+,)b,)-’ E G(n+2) 




a46zb,a~~zb,+b,a5qb,tb,a~~~~,, . . .} Note that the subscripts of the letters in the ith 
element of B2 are all larger than those subscripts in the preceding elements of B2. 
Also in the ith element of B2, no two letters have the same subscript. All elements 
of B2 are conjugate (by some power of tzbzbl ). Continuing in this fashion and using 
the fact that G@) = 1 for some p, we conclude that there is a trivial word C, C, . . . C, = 
1 where C, = u:(j) for each i, and j(i) #j(m) unless i = m. If zi is the largest of the 
integers j(l),j(2), . . . , j(l), then A is generated by a,, a,, . , . , a,_, , completing the 
lemma. q 
Since n is the smallest natural number such that G(“) is locally finite and infinite, 
G(“-‘) contains an element t such that t’& G (*I for all i # 0. G contains a subgroup 
of finite index, Ho, such that H,/H,n G (I) is free abelian. t’ E Ho for some i # 0. 
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Choose a generating set {a,, a*, . . . , a,,,, b, , bZ, . . . , b,} for Ho such that 
{a,, . . . , a,,,}~ G(i), and {b,, . . . , b,} is mapped bijectively to a basis of Ho/H,, n G(l) 
by the quotient map. (If n = 1, then {b, , . . . , b,} # 0 since, in this case, t’ is mapped 
to an element of infinite order in H,J H,n G (‘) for some i # 0.) If Ho is l-ended 
and semistable at 00, or 2-ended, then so is G. We construct a collection of finitely 
generated groups Ho 1 H, 2 + * .I H,_, , such that if any Hi is l-ended and semistable 
at cc or 2-ended then G is l-ended and semistable at cc or 2-ended. If n > 1, we 
first construct a finitely generated subgroup, &,, of H,n G(‘) such that t’ E J&, for 
some i # 0, and if & is 2-ended, or l-ended and semistable at CO, then Ho is l-ended 
and semistable at a, or 2-ended. 
If {bl,..., b,} = 0 then let &, = (t’, a,, . . . , a,), where i # 0 is such that t’ E H,,. 
Otherwise, repeatedly apply Theorem 4 to: First, (ti, a,, . . . , a,, b,, . . . , b,) with 
x= b,, then to (ti, a,, . . . , a,, b2,. . . , b,, blt’b;‘, b,a,b;‘, . . . , bla,bll, 
b, b,b;‘, . . ., b,b,b;‘)=(t’,a ,,..., a,,,, b, ,..., b,, b,t’b;‘, b,a,b;‘,_.., b,a,,b;‘, 
b,b,b;‘b;‘, . . . , b,b,b;‘b;‘) with x = b, etc. The last of these groups, obtained by 
letting x = bl, is &. 
Let HI be a subgroup of finite index in &, such that HI/H, n G(*) is free abelian. 
Again some element of {t, t*, t3,. . .} must lie in H,. 
As above if n > 2, H, n G(‘) contains a finitely generated, infinite subgroup, fi,, 
such that if fi, is 2-ended or l-ended and semistable at 00, then HI is, and hence 
Ho is and hence G is. Continuing, we obtain H,_l a finitely generated subgroup of 
G(“-l), such that H,_,/( H,_, n G’“‘) is free abelian, some element of {t, t*, t3,. . .} 
is in H,_, , and if H,,_, is 2-ended or l-ended and semistable at 03, then G is a-ended 
or l-ended and semistable at CO. 
Choose a generating set {d, , . . . , d,, e, , . . . , e,} for H,_, such that {d, , . . . , ds} c 
G’“’ and {e, , . . . , e,} is mapped bijectively, to a basis for H,_,/ H,_, n G’“’ by the 
quotient map. (If n=l, then {d, ,..., ds}={a ,,..., a,,,} and {e ,,..., e,}= 
{bi,..., b,}.) Since {t, t*, . . .}n H,_l f 0 and {t, t*, . . .}n G’“‘= 0 we must have 
{e,,..., e,} # 0. By Lemma 7 (e,, di) is 2-ended for all i. (e, , eiele;‘) = (e, , eie,ei’e;‘). 
Since eiele;‘e;’ E G’“‘, Lemma 7 shows that (e, , eiele;‘) is 2-ended. By Theorem 4 
(with x = e:), (e,, ei) is a-ended or l-ended and semistable at 00. Using Theorem 3 
and induction on the groups (e,, d,), . . . , (e,, d,), (e, , e,), . . . , (e, , e,), we have H,_, 
is 2-ended or l-ended and semistable at co. El 
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